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Abstract
Consider the poset, ordered by inclusion, of subspaces of a four-dimensional vector space over a field
with 2 elements. We prove that, for this poset, any cutset (i.e., a collection of elements that intersects every
maximal chain) contains a maximal anti-chain of the poset. In analogy with the same result by Duffus,
Sands, and Winkler [D. Duffus, B. Sands, P. Winkler, Maximal chains and anti-chains in Boolean lattices,
SIAM J. Discrete Math. 3 (2) (1990) 197–205] for the subset lattice, we conjecture that the above state-
ment holds in any dimension and for any finite base field, and we prove some special cases to support the
conjecture.
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1. Introduction
Let P be a finite poset. A cutset in P is a set of elements that intersects every maximal chain
and a fibre in P is a set of elements that meets every maximal anti-chain (an anti-chain is a set
of pairwise incomparable elements). The following is straightforward (see, for example, Duffus,
Sands, and Winkler [4]):
Proposition 1. The following conditions on a finite poset P are equivalent:
(1) Every cutset of P contains a maximal anti-chain of P .
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(3) If each element of P is assigned one of two colors then there exists either a monochromatic
maximal chain or a monochromatic maximal anti-chain.
Furthermore, if, in the poset P , all maximal chains have the same length n, then the above
conditions are also equivalent to:
(4) Given any n anti-chains in P , there is a maximal anti-chain disjoint from all of them.
In Duffus, Sands, and Winkler [4] it was proved that the poset of subsets of a finite set ordered
by inclusion (that is the Boolean lattice 2[n]) satisfies the above conditions. These authors also
point out that a product of a chain of size two and a chain of size three does not satisfy the above
conditions.
By analogy, the purpose of this paper is to investigate the same conditions for the lattice of
subspaces of a finite-dimensional vector space over a finite field.
Let V be a vector space of dimension n + 1 over the field with q elements. The projective
geometry PG(n, q) is the geometry whose points, lines, planes, . . . , hyperplanes are the 1-, 2-,
3-, . . . , n-dimensional subspaces of V . In general, a k + 1-dimensional subspace of V will be a
k-dimensional projective subspace—also called a k-flat—of PG(n, q). Two projective subspaces
are incident if one is contained in the other. Abusing notation, we use PG(n, q) to also denote
the poset—in fact, lattice—of projective subspaces of PG(n, q) ordered by inclusion. Hence, this
lattice is the same as the poset of all subspaces of V ordered by inclusion (sometimes called a
subspace or a linear lattice). We emphasize that an element of this poset is, for some 0 k  n,
a k-dimensional projective subspace of PG(n, q) which is a k + 1-dimensional linear subspace
of V . In this paper, when we refer to dimension, we mean the projective dimension, and points,
lines, planes, and hyperplanes refer to projective subspaces of dimension 0, 1, 2, and n − 1
(which, in turn, are the 1, 2, 3, and n-dimensional linear subspaces of V ).
We suggest:
Conjecture 2. The projective lattice PG(n, q), or equivalently the subspace lattice of dimension
n + 1 over a field with q elements, satisfies the conditions of Proposition 1.
As evidence toward the conjecture we will prove the following:
Theorem A. In the projective lattice PG(n, q), let C be a cutset consisting of only points and
lines or only points and hyperplanes. Then C contains a maximal anti-chain of PG(n, q).
It follows from Theorem A that Conjecture 2 is true for PG(n, q) for any q and for 0 n 2.
With more effort we extend this to (projective) dimension 3 but only over Z/2Z:
Theorem B. PG(3,2) satisfies Conjecture 2.
Questions regarding cutsets and fibres of posets have been studied by numerous authors (see,
for example, Lonc and Rival [7], Nowakowski [8], Colbourn [3], Füredi, Griggs, and Kleit-
man [5], Griggs [6], Bajnok and Shahriari [2], and Shahriari [9])
If we let P = 2[n] − {∅, [n]} be the Boolean lattice without its minimal and maximal elements
then the fourth condition above and the result of Duffus, Sands, and Winkler implies
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anti-chain of P disjoint from all of them.
We mention in passing that a certain dual of this statement is proved in Bajnok and Shahri-
ari [1]:
Proposition 4. Let P = 2[n] − {∅, [n]}. Then given any n − 2 chains in P , there is a maximal
chain of P disjoint from all of them.
A similar statement for PG(n, q) is not known.
2. Cutsets of points and lines or points and hyperplanes
In this section, by proving Theorems 5 and 7 below, we prove Theorem A of the introduction.
Theorem 5. Let C be a cutset of points and lines in PG(n, q). Then C contains a maximal
anti-chain of PG(n, q). In particular, for 0  n  2 and any prime power q , PG(n, q) satisfies
Conjecture 2.
Proof. Let  be a line in PG(n, q). Note that, since C is a cutset, either  ∈ C or every point of 
is in C.
The result is clear if C consists of all the points of PG(n, q). So assume that P is a point of
PG(n, q) not in C. Let H be a hyperplane of PG(n, q) containing P . ConstructA⊆ C as follows:
A contains every point in H ∩ C (i.e., all the points in the hyperplane that are in the cutset). A
also contains every line in PG(n, q) with the property that none of the points on the line are in
H ∩ C.
By construction A is clearly an anti-chain. We also claim that A is a subset of C. To see this
note that every line in PG(n, q) intersects H in at least one point. If none of the points in this
intersection are in C, then the line must be in C, since otherwise C would not be a cutset.
Claim. A is a maximal anti-chain of PG(n, q).
Proof. We first show that no other points or lines can be added to A.
The only lines that are not inA are the ones that have at least one point inA. Hence we cannot
add any lines to A and keep it an anti-chain.
If Q is a point not in H then the line through P and Q is in the cutset and in A. Hence Q
cannot be added to A.
If Q is a point in H then Q may be in the cutset. In this case, Q is already in A. If Q is not
in the cutset, then consider a line L′ through Q and a point not in H . L′ intersects H in exactly
the point Q, and since Q is not in the cutset, we conclude that L′ must be in A. Thus Q cannot
be added to A.
If W is a projective subspace that is not a point or line (i.e., if the projective dimension of W
is greater than one) then the intersection of W and H contains at least one line. This line either
has some points in the cutset or it has no points in the cutset. In the former case, those points
already belong to A and in the latter case, the line itself is in A. In either case, we cannot add W
to A. 
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n − 2 in PG(n, q). Then C contains a maximal anti-chain of PG(n, q). In particular, a cutset of
lines and planes in PG(3, q) contains a maximal anti-chain of PG(3, q).
Proof. Consider the opposite poset of PG(n, q) obtained by reversing the ordering in PG(n, q).
It is well known and easy to show that this poset is isomorphic to the original PG(n, q). Hence
the result follows from the previous theorem. 
Theorem 7. Let C be a cutset of points and hyperplanes in PG(n, q). Then C contains a maximal
anti-chain of PG(n, q).
Proof. If C consists of all hyperplanes of PG(n, q) or if C consists of all points of PG(n, q) then
the result is clear. Thus choose one hyperplane, H1, in C and one hyperplane, H2, not in C. Let
M = H1 ∩ H2 and note that M is a projective subspace of dimension n − 2. We also note that if
p is a point not on M then there exists a unique hyperplane that contains both M and p.
We construct an anti-chain A as follows: Choose all hyperplanes in C that contain M , and
choose every point that is not on any of the chosen hyperplanes.
Claim. A is a subset of C.
Proof. Given a point p not on M , there exists a unique hyperplane that contains both M and p.
The point p is in A if this hyperplane is not in A which means that this hyperplane is not
a member of C. Now since C is a cutset we conclude that p must be in C. Hence all chosen
points are members of C and the hyperplanes in A were chosen explicitly from among elements
of C. 
Claim. A is a maximal anti-chain of PG(n, q).
Proof. Clearly every point is either in A or incident with a hyperplane in A.
Now let W be a projective subspace with 1  dimW  n − 1. The proof will be complete
when we show that W is incident with some element of A and hence cannot be added to A.
Since H1 ∈A, there is nothing to prove if W ⊆ H1. Hence we can assume that W  H1.
If there is a point r ∈ (W ∩H2)\M then H2 is the unique hyperplane containing M and r , and
by construction—since H2 /∈A—we have r ∈A. This means that W is incident with an element
of A since r ⊂ W . Thus we can assume that W ∩ H2 ⊆ M . This means that W ∩ H2 = W ∩ M
and also that W  H2 since otherwise we would have W ⊆ M ⊆ H1 contrary to our assumption.
Now we have
dim(W ∩ M) = dim(W ∩ H2)
= dim(W) + dim(H2) − dim(W + H2)
= dim(W) − 1,
and so
dim(W + M) = dim(W) + dim(M) − dim(W ∩ M) = n − 1.
Hence W +M = H3 is a hyperplane containing both W and M . If H3 ∈ C then, by construction,
H3 ∈A, and hence W is incident with an element of A. On the other hand, if H3 /∈ C, then let p
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containing both p and M and hence, by construction and since H3 /∈A, we have p ∈A and again
W is incident with an element of A since p ⊂ W . The proof is now complete. 
We remark that the proofs of Theorems 5 and 7 show that both results are true in the more
general case of modular geometric lattices. We ask whether Conjecture 2 is true for geometric
lattices.
3. The fourth dimension
In this section, after a sequence of lemmas, we prove Theorem B of the introduction.
Lemma 8. Let q be a power of a prime and let C be a cutset of points, lines, and planes in
PG(3, q). Assume that there is a plane H in PG(3, q) and a line  on H with the property that
every point in H\ is in C and that  has at least one point P not in C.
Then C contains a maximal anti-chain of PG(3, q).
Proof. Construct a subset A of PG(3, q) as follows:
Let all the points of H\ be in A.
Consider all planes K , with K = H and with  contained in K . If any such K is in C then add
K to A. If it is not in C, then consider two cases as follows:
(1) If all points of K\ are in C then add all points of K\ to A.
(2) If K has a point Q not on  and not in C then let L be the line (in K) through P and Q. Add
to A all points in L ∩ C and all lines, except  and L, in K that intersect L in a point not
in C. Note that, since K /∈ C and these lines have a point not in C then these lines must be
in C. Further, if no point in L is in C then also add L to A.
Finally if none of the planes through , other than possibly H , are in C then add  to A.
A is an anti-chain, because, at every step of the construction, we only took elements not
incident with others already in A.
Claim. A is a maximal anti-chain.
Proof. We first show that every point is incident with some element of A.
Every point R of V not on  determines exactly one plane, K , with . If K is in A, or the
point R itself is in A, then R cannot be added to A. The remaining case is when neither R nor
K are in A. In this case, we had constructed a line L through P and some point in K not in C
and not on  (this point was called Q in the construction). There are two possibilities: R is on L
or R is not on L. In the former case, either R is in C in which case R is in A or else R is not in
C in which case every line through R is in A. In the latter case, the line in the plane and through
R and P is in A. In any case, R cannot be added to A. 
The points on  are either in a plane that is in A or else the line  itself is in A. Hence these
points cannot be added to A either.
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added to A, then, by construction, it would have been. Thus we only consider a line M other
than . Every line is either in a plane with  or else intersects H in one point off . In the latter
case, the point of intersection of M and H is in A and hence the line cannot be added to A. In
the former case, let K be the plane of M and . M cannot be added to A if K is in C (and hence
in A) or if all points off  in K are in C (and hence in A). Thus the case remaining is when
there is a point Q ∈ K\ that is not in C, in which case the line through P and Q is called L. If
M = L, then either M is already in A or it has a point in A. Assume M = L. If M ∩ L ∈A then
M cannot be added to A. Otherwise, M is already in A. Thus no line can be added to A.
Finally we show that every plane K is incident with some element of A. If K contains  then
either K is in A or else, K contains either points or lines in A. Assume K does not contain .
Then H ∩K is a line other than  and contains points in A. Thus K cannot be added to A in this
case either. The proof is now complete. 
Let C be a cutset in a poset P . We say that a subset S of C blocks an element R ∈ P if every
maximal chain of P through R intersects S .
For example, the cutset C itself blocks every element of the poset P , and if, in PG(n, q), all
the points on a line are in a cutset then the collection of these points blocks the line.
Lemma 9. Let C be a cutset of points, lines, and planes in PG(3,2). Assume that there is a plane
H in PG(3,2) with 5 or more points in C then C contains a maximal anti-chain of PG(3,2).
Proof. Every plane in PG(3,2) has seven points. If the plane H has exactly 5 or 6 points of C
then the result follows from Lemma 8. Thus the only case remaining is if all 7 points of H are
in C. Since all the points of H are in C, without loss of generality, we can assume H /∈ C since it
is not needed for the cutset.
Case 1. There are two or more points in C and off H .
Take two of the points in C and off H and form the line, L, through them. L intersects H at a
point P , and there are three lines in H through P . Each of these lines and L determine a plane
that has at least 5 points in C. We will be done by Lemma 8 unless all the points of these three
planes are in C. But these are the three planes through L and contain all the points of PG(3,2),
a maximal anti-chain.
Case 2. There is exactly one point in C and off H .
Every line through this point is also blocked by a point of H , and so this point in not necessary
in the cutset. Hence C without it is also a cutset. Thus the problem is reduced to Case 3.
Case 3. The points in C are exactly the points in H .
If C consists of only points and lines, then we are done by Theorem 5. Since H /∈ C, we can
assume that there exists another plane H2 in C. Let H3 be the third plane containing  = H ∩H2.
Construct A as follows: A contains all points on H\, the plane H2, and either the plane H3 (if
H3 ∈ C) or all the lines in H3 except  (if H3 /∈ C). Note that if H3 /∈ C then all the lines in H3
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anti-chain of PG(3,2) and the proof is complete. 
Lemma 10. If C is a minimal cutset in PG(n, q) then the points in C form a union (not necessarily
disjoint) of lines. In other words, every point in a minimal cutset must be on some line all whose
points are in the cutset.
Proof. Assume the point P ∈ C has the property that every line containing P has a point not on
the cutset. Since C is a minimal cutset, C\P is not a cutset which means that there is a maximal
chain in PG(n, q) that intersects C only in P . One of the lines containing P is on this maximal
chain and by assumption has a point Q not in the cutset. By replacing P with Q, we now have a
maximal chain that completely misses C and this is a contradiction. 
Lemma 11. Let C be a minimal cutset of points, lines, and planes in PG(3,2). Assume that C has
more than 6 points then C contains a maximal anti-chain of PG(3,2).
Proof. By Lemma 10, we must have a line  with all of its three points in C. Consider the three
planes containing this line. If one of them has more than one point off  in C then we will be
done by Lemma 9. Thus each of these planes has at most one point in C off  and hence the total
number of points is less than or equal to 6. 
We can now prove our main theorem (Theorem B of the introduction).
Theorem 12. Let C be a cutset in PG(3,2). Then C contains a maximal anti-chain of PG(3,2)
and hence PG(3,2) satisfies all the conditions of Proposition 1.
Proof. Without loss of generality we can assume that C is a minimal cutset, and, by Theo-
rems 5, 7 and Corollary 6, we can assume that C has points, lines, and planes. By Lemma 11
we can assume that C contains at most 6 points. By Lemma 10 these points are unions of lines.
Therefore we have one or two lines of points. If the two lines of points have a point in common
then all 5 points will be on a plane and we will be done by Lemma 9. Thus we can assume that
the points in C form one line or two skew lines. By duality (this only works for dimension 4) we
can assume that there are one or two lines such that all the planes through them are all the planes
in C. If there are two such lines—as opposed to just one—then these lines are skew.
So there are at most two lines that are blocked by their points and at most two lines that are
blocked by their planes. Every other line has at least one point not in C and one plane through it
not in C. Since C is a cutset it must contain every such line. Thus C has every line except possibly
four lines.
If there is a line with all of its points and all of the planes through it in C then C is not minimal.
This is because if the line is blocked by its points then we do not need any of the planes through
it. The only way to create a maximal chain through one of these planes is through the blocked
line and this line is blocked by its points.
So C has two to four missing lines. One or two of them are blocked by their points, and one or
two of them are blocked by their planes. Call the former 1 and 2, and call the latter L1 and L2.
We know that 1 and 2 are skew as are L1 and L2.
Construct A as follows: Choose one plane containing L1 that does not contain 1 and does
not contain 2. This can be done since there are three planes in C containing L1, and 1 and 2
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choose one plane containing L2 that does not contain 1 and does not contain 2. Now 1 (and
2, if it exists) intersects each of these two planes in one point, and hence has at least one point
not on either plane. Add this point to A. Do likewise for 2, if it exists. Add to A all possible
lines.
A is clearly an anti-chain. By construction, we cannot add any lines to A. Let P be a point. If
P is on either of the planes in A then it cannot be added to A. Thus assume P is not on either of
these two planes. So every line through P cannot be on those planes either. The point P and the
points in A form one or two lines which are not in A. This leaves at least 5 lines through P and
these must be in A. Hence we cannot add P to A. A dual argument shows that no plane can be
added to A and hence A is a maximal anti-chain. 
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